University of Toronto 
SOLUTIONS to MAT 186H1F TERM TEST 2 
of Thursday, November 11, 2007 
Duration: 60 minutes 
TOTAL MARKS: 50 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


General Comments about the Test: 


e All the questions on this test, with one exception, are considered to be very 
straightforward computations. 


e The only exception is Question 5, for which part (a) is simply a statement of 
a theorem, but for which part (b) requires a little thought to set up. 


e The implicit derivatives of Question 4 are easier to evaluate if you substitute 
the known information as soon as possible, so avoiding having to find general 


formulas for 
dy na É 
dx dz? 


e Some alternate solutions are included. 


Breakdown of Results: 548 students wrote this test. The marks ranged from 0% 
to 98%, and the average was 68.7%. Some statistics on grade distributions are in 
the table on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 8.2% 
31.8% | 80-89% 23.5% 
23.5% | 70-79% 23.5% 
21.9% | 60-69% 21.9% 
10.0% | 50-59% 10.0% 
12.8% | 40-49% 6.9% 
30-39% 2.2% 
20-29% 2.0% 
10-19% 1.5% 
0-9% 0.2 % SAE 


H a w e 


2 
1. [16 marks] This question has five parts and covers two pages. Let f(x) = a 
£ 


for which 
2 — 2r?’ _ 4r? — 12x 


f(z) = CES and f"(x) = A 


(a) [3 marks] Find the open intervals on which f is increasing and those on 
which it is decreasing. 


Solution: 


2 — 2r? 

(a2 + 1)? 

(l—az)(14+-2) 
(x? + 1)? 


f(x) = 


f is increasing if f(z) >0 = (1—2)(1+2)>0 
& bee I 

f is decreasing if f/(x) <0 = (1l—2z)(1+2) <0 
ee ora 


(b) [4 marks] Find all the critical points of f and determine if they are 
maximum or minimum points. 


Solution: f(z) =0<6 (1-—a2)(l+2)=0e2=41. 
Using the first derivative test: 
1. Since f is decreasing if x < —1 and f is increasing if x > —1, the 
point (—1, f(—1)) = (—1, —1) is a minimum point. 
2. Since f is increasing if x < 1 and f is decreasing if x > 1, the point 
(1, f(1)) = (1,1) is a maximum point. 
Using the second derivative test: 
1. Since f”(—1) = 1 > 0, the point (—1, f(—1)) = (—1, —1) is a mini- 
mum point. 
2. Since f”(1) = —1 < 0, the point the point (1, f(1)) = (1,1) isa 
maximum point. 


(c) [4 marks] Find the open intervals on which f is concave up, and those on 
which it is concave down. 


Solution: 

4a? — 12x 

(x? + 1)3 

4ax(x — V3) (£ + V3) 
(x? + 1)8 


f(a) = 


f is concave up if f"(x) >0 © «(x — v3)(z+ V3) > 0 
& -V3<2<0orz> V3 


f is concave down if f(z) <0 © a(x — V3)(x+ V3) <0 
& «2<—-vV30r0<2< V3 


(d) [3 marks] Find all the inflection points of f, if any. 
Solution: 


f(z) =0 © 2(2- V3)(2+ v3) =0 


© «=OJorr=—- 3 or z = V3 


From part (c), there are inflection points at 
1. (=v3, f(-v3)) = (-v3,-) 
2. (0, f(0)) = (0,0) 
3. (V3, f(v3)) = (V3, $) 


(e) [2 marks] Find all the horizontal or vertical asymptotes to the graph of 
f, if any. 
Solution: There are no vertical asymptotes since f is continuous for all x. 


There is one horizontal asymptote, y = 0, since 


lim f(x) = 0 and „im f(x) = 


w—- OO 


2. [7 marks] Find the following: 


(a) [2 marks] + tan(cos) 


Solution: Use the chain rule. 


a tan(cos x) = sec? (cos x)(— sin x) 


dx 


(b) [5 marks] + (sec x)”. (Assume sec x > 0.) 
z£ 


Solution: Let y = (sec x)” and use logarithmic differentiation. 


y' sec g tan £ 


=Insecxr +2 


Iny=azInsecxr > = 
y sec £ 


=> y'= y(lnsecz + z tan zx) 


= y' = (sec x)” (Insec z + z tan z) 


3. [7 marks] Find the following limits. 
20) * 1 


(a) [3 marks] lim In(a +1) 


Solution: Limit is in the s form. Use L’Hopital’s rule. 


e2t = : De2# 
im ———.~ = lim-— 
x0 ln(x + 1) xz—0 PEx) 
2 
= 1 


(b) [4 marks] lim (x + e7?) 


Solution: Limit is in the 1% form. Let the limit be L. 


lnb = lim Bas (x + mas 
z30t £ 
] —2r 
= 3 lim ee which is in X form 
a—0t z 0 
{.=3 —2r 
= 3 lim ma by L’Hopital’s rule 
a 0t x + e722 
= 3(1-2) 
= —3 


>L = e? 


dy dy . ; 
4. [7 marks] Find both — and — at the point (x,y) = (1,3) if 
dx dx? 


ry = 3e., 
Solution: Differentiate implicitly. 
xy’ +y = 3e” (3 — y') 
Substiute xz = 1,y = 3: 
y +3 =2°(8—y/) ey +3=9-3 ay = 5 


To find y”, differentiate implicitly once more: 


y! se xy” ait y' = 3e3-Y (3 =, yy + 3e32-y (—y"") 


Now substitute z = 1,y = 3,y =-: 


Alternate Solution: Use logarithmic differentiation. 


1 1 
Ine +Iny=In3+30—-y 7+ =8-y 
x 


Substiute x = 1,y = 3: 


To find y”, differentiate implicitly once more: 


1 yy" -yy p 
= =-y 


z2 | y2 
. PE 
Now substitute xz = 1, y = 3, y 5° 
3y” — 2 15 
—] 4 — l os, MW es 
+- g = = T6 


5. [6 marks; 3 marks for each part.| 


(a) State the Mean Value Theorem. 


Solution: 


Hypotheses: f is continuous on the closed interval [a,b] and differen- 
tiable on the open interval (a, b). 


Conclusion: there is a number c in the interval (a,b) such that 


(0) = fla) 


ro- 2 


(b) Use the Mean Value Theorem to prove that if f(x) = (x?-xr+9) cos r+5z, 
then there is a number c such that f’(c) = 5. 


Solution: f is continuous and differentiable for all values of x, so the 


Mean Value Theorem applies to f on every possible interval [a,b]. Pick 
‘ NT T : N T 
the interval [a,b] = l-3: =| . Then for some number c in |->, |; 


fie FO) — fla) = Ha) s fo = 2 G) = Ca since cos (+5) =0 


6. [7 marks] 


(a) [3 marks] Find an approximation to 93 by using the linear approximation 
oF f(g) = z3 ata=8. (Express your answer to five decimal places.) 


1 1 
Solution: f'(x) = 37273 8° the equation of the tangent line to f at 
z 
a = & is 
PFS). ey y—-2 11 
r—8 f (8) r—8 38⁄3 
& y=2+ : (x — 8) 
Pe Te ae 
1 
So 93 = f(9) ~ 2+ (9-8) 


2 2.08333 
= oe = 


(b) [4 marks] Find an approximation to 93 by applying Newton’s method to 
the equation 
z? — 9 = 0; 


start with x) = 2 and compute zı and x2. (Express your answers to five 
decimal places.) 


Solution: f(z) = x? — 9; f'(x) = 32x”. So the recursive formula for 
Newton’s method is 

m f (Xn) 

E x —9 

DA 3x2 

S 2r +9 

Ba 

T=2 > zı = — & 2.08333 
and 
25 23401 
zı = — => T= ——— ~ 2.08009 


12 11250 


University of Toronto 
SOLUTIONS to MAT 186H1F TERM TEST 2 
of Tuesday, November 4, 2008 
Duration: 90 minutes 
TOTAL MARKS: 50 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


General Comments about the Test: 


e Many students are still throwing away marks by using inappropriate notation or by 
not identifying what they are calculating. 


For Question 1: if you want to simplify In z? you must use In z? = 21n |z|. But that 
actually makes things trickier since 


d 1 
— ln|z| = — 
x 


dx 


has to be calculated in terms of two cases: x < 0 or x > 0. 
Note in 1(b): f is not increasing on (—1,1); you must have two separate intervals: 


(—1,0) and (0,1). 


In Question 1 if you assume (for some reason) that x > 0 then you will forfeit half 
the marks in parts (b), (c), (e), (f) and (g), and will get at most 3 out of 4 for part 
(h). Parts (a) and (d) could still be done correctly, depending on what you’ve done. 


Questions 2, 3, 4 and 5 were almost carbon copies of questions from last year’s test; 
there should have been no problems with these — for those who studied. 


Breakdown of Results: 443 students wrote this test. The marks ranged from 11.7% to 
100%, and the average was 75.5%. Some statistics on grade distributions are in the table 
on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 


H o a w > 


90-100% 24.2% 
49.0% | 80-89% 24.8 % 
21.7% | 70-79% 21.7 % 
12.4% | 60-69% 12.4 % 
7.4% 50-59% 7.4 % 
9.5% 40-49% 5.2 % 
30-39% 2.0% 
20-29% 1.8 % 
10-19% 0.5 % | 
0-9% 0.0% pe | 


_ 24+In2? 
= 


1. [28 marks] This question has eight parts and covers three pages. Let f(x) 


In z? 
v2 


(a) [3 marks] Verify that f'(x) = — 


Solution: use the quotient rule. 


2 
fas (3) e- DEFN  2—2-lng? | ine? 


2 2 2 


x x x 


(b) [4 marks] Find the open interval(s) on which f is increasing, and the open 
interval(s) on which f is decreasing. 


Solution: 


lng? <0 

eee aera | 

Oe elt 
=a < 0orl = 24 


f is increasing if f'(x) > 0 


tt ve? 


Inz? >0 
r >1 
z| >1 
xz<-—lorxz>1 


f is decreasing if f'(x) < 0 


ttt? 


(c) [4 marks] Find all the critical points of f and determine if they are maximum 
or minimum points. 


Solution: f'(x) =0 & lng? =0 6 2 = 143 =41, 
Using the first derivative test: 


1. Since f is decreasing if x < —1 and f is increasing if x > —1, the point 
(—1, f(—1)) = (-1, —2) is a minimum point. 

2. Since f is increasing if x < 1 and f is decreasing if x > 1, the point 
(1, f(1)) = (1,2) is a maximum point. 

Using the second derivative test, and f”(x) from the next page: 

1. Since f”(—1) = 2 > 0, the point (—1, f(—1)) = (—1, —2) is a minimum 
point. 

2. Since f”(1) = —2 < 0, the point the point (1, f(1)) = (1, 2) is a maximum 
point. 


2(—1 + Inz?) 


(d) [3 marks] Verify that f”(x) = z 
z 


Solution: use the quotient rule and the fact that f’(2) = — 


22\ 9 2 
(=) SAE) a 2pm ebrr  2(-1+Inz’) 
4 


Foss 


x x3 


(e) [4 marks] Find the open intervals on which f is concave up, and those on which 
it is concave down. 
Solution: x = 0 is a discontinuity of f (and hence of f”(x)) and 


f") =0 ing’? =1S 7 =e 6 r= tye. 


Check the sign of f” (x) on the four intervals determined by x = 0,x = +ye 
by using test points in each interval: 


-ye 0 ve 


f(e) =-2/ë f"(-1)=2 f"(1) = 2 f"(e) = 2/e° 


So f is concave down if f”(x) <0 & x < —,e or if0<4< ye; 
and f is concave up if f(x) > 0 &—vye<zgz<0 orz > ye. 


OR, solve the inequalities directly: 


2(—1 + Inz?) 


f is concave up if f" (x) > 0 z >0 
z 


<< lnz? >11 and zgz>0or Inz? <landz <0 
& t>vJeor —ye<r<0 


2(-1+ Inz’) 


f is concave down if f’(r) <0 © z <0 
Z 


& Inaz?>1andxz<0or Ina? <landz>0 
& £<—Veor0<2< vye 


(f) [2 marks] Find all the inflection points of f, if any. 
Solution: 
From part (e), there are inflection points at 


Va. EVD) = (ve-z) and (ve, f(ve)) 


|l 
A 
$ 


(g) [4 marks] Find all the horizontal or vertical asymptotes to the graph of f, if 
any. Justify your answers. 


Solution: x = 0 is a vertical asymptote since: lim Inz? = —oo and 
_. 2+lnz? _. 2+lnz? 
lim t—— = -—œ; lim ————— = 
x—0t T x07 £ 


y = 0 is a horizontal asymptote on both sides of the graph since 


`. 24+Inz? 2x : 
lim —_—_— = lim — = lim —= 0, 
TtT—=t00 Xx LEO z2 g= T 


using L’Hopital’s rule. 


(h) [4 marks] Sketch the graph of f labelling all critical points, inflection points 
and asymptotes, if any. 
Solution: Note you could have saved work for this entire problem by pointing 
out at the beginning that the graph of f(x) is symmetric in the origin, since 
f(—ax) = — f(x). Then you would only have to analyze the graph for x > 0. 


The followiing details 
should be included on 
your graph: 
1. x = 0 is a vertical 
asymptote 
2. y = 0 is a horizon- 
tal asymptote 
3. (1,2) is a maxi- 
mum point 
4. (—1,—2) is a mini- 
mum point 


5. +(ve,3/ve) are 


inflection points 


2. [8 marks] Find the following derivatives: 


(a) [3 marks] L sin Vx + 1 
x 


Solution: Use the chain rule. 


1 cos yx + 1 


d 
— sin yz +1 = vz+1 = 
sin Vx (cos Vx a Jeri 


(b) [5 marks] L r, (Assume x > 0.) 


Solution: Let y = 2*°°* and use logarithmic differentiation. 


y' sec £ 
Iny=seczring => “= = sec gq tan gln g + 
y 
; sec £ 
=> y = y (seca tana nx + ) 
x 


1 
=> yf =p” secr (aneina + z) 
x 


3. [8 marks] Find the following limits. 


_ sin(4z) 
(a) [3 marks] lim ules) 


Solution: Limit is in the s form. Use L’Hopital’s rule. 


4 4 4 
ii sin(4x) 2a ii a x) 
«0 In(1 — z) s=>0 Fe 
= 


(b) [5 marks] lim (2a + Benet 


wL—-CO 


Solution: Limit is in the oo? form. Let the limit be L. 


5 
Int = lim —In(2z + 3e”) 
TOGE 
In (2 x 
= 5 lim mae) aL ) which is in © form 
£r— 0 H CO 
2+ 3e” 
= 5 lim —— L’Hopital’s rul 
PG eae ( by opital’s rule) 
= 5 lim 5 ace (by L’Hopital’s rule again) 
3 x 
= Saline < (by L’Hopital’s rule yet again) 
= 5 


dy dy ' . 
4. [8 marks] Find both — and — at the point (x, y) = (1,7) if 
dx ax? 
sin(xy) = z + cosy. 


Solution: Differentiate implicitly. 


sin(xy) = x+cosy (1) 
=> cos(zy)(y + zy) = 1—y'siny (2) 
= — sin(xy) (y + xy’)? + cos(zy)(y' +y’ + 2y") = —(y')’cosy—y"siny (3) 


To find y’ at (x,y) = (1,7), substitute x = 1 and y = 7 into equation (2) and solve 
for y' : 


cos(r)(t +y) =1-—y' sinr > T+y = -1 
= y =—l-r 


To find y” at (x, y) = (1,7), substitute z = 1, y = 7 and y’ = —1—7 into equation (3) 
and solve for y” : 


—sin(r)(m + (—1—7))? + cos(r)(2(—1 — r) + y”) = —(—1-— r)? cosa — y" sina 
> —(—2 — 2r +y") = (-l-7) 
S21+7)=7" = G+) 
> —y" = (14+7)?-2(14+7) 
> —y" = 1+2 +r’ -—2-— 2r 
> —y" = r —1 
>y" = 1-7 


Actually, its neater to substitute x = 1,y = 7 into equation (3) and solve for y” in 


terms of y' : 
—sin(r)(n + y’)? + cos(r)(2y' +y") = —(y')? cosa — y" sina 
=> (2y +y") = u? 
=> y" = (yY t 2y 
==y" = y'(y +2) 
=y = y y2) 


Now substitute y' = —1 =- 7: y” = (l+a)\(l—-7)=1-7° 


5. [8 marks] 


(a) [4 marks] Find an approximation to 73 by using the linear approximation of 
a= z3 ata=8. (Express your answer to five decimal places.) 


2 1 
Solution: f'(x) = =—x, so the equation of the tangent line to f at a = 8 is 


3 71/3? 

y— fB) y y-4 21 
= 8) S = 
r-—-s8 f (8) r—-8 383 


1 
< y=4+z3(r-— 8). 
1 
So 7/3 = f(7) ~ te Cea 


11 
B ~ 3.66667 


(b) [4 marks] Find an approximation to 73 by applying Newton’s method to the 


equation 
x’? _7 = 0; 
start with zo = 4 and compute zı and x2. (Express your answers to five decimal 
places. ) 
3 

Solution: f(x) = x°? — 7; f'(x) = Ve. So the recursive formula for New- 
ton’s method is 

f(&n) 

Intl = n> 
f' (Zn) 
ai! RaT 


22 
=. > t e eee 


and 


11 
t= oa or 3.66667 = zə ~ 3.65931 


University of Toronto 
SOLUTIONS to MAT 186H1F TERM TEST 2 
of Tuesday, November 3, 2009 
Duration: 90 minutes 
TOTAL MARKS: 60 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


General Comments about the Test: 


Many students are still throwing away marks by using inappropriate notation or by 
not identifying what they are calculating. 


Regarding Question 4(b): |x| > 1 means x < —1 or x > 1. Many students just 
assumed x > 1 and ignored the other case. This cost you 2 marks. 


There is an easier way to do Question 4(b): use sec™tz = cos~!(1/zx) and let 
a = sin'(1/x) and 8 = cos~!(1/xr). Then by basic trig a + 8 is constant, so the 
derivative must be zero. 

The related rates problem was an example chosen right out of the text book. 

The point of Question 7(a) is to pick a point a for which a~'/* can be calculated 
without a calculator such that a is close to 59. So the only choice is a = 64. 


Breakdown of Results: 479 students wrote this test. The marks ranged from 10% to 
100%, and the average was 75.6%. Some statistics on grade distributions are in the table 
on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 


H o a we 


90-100% 19.4% 
46.8% | 80-89% 27.4% 
24.2% | 70-79% 24.2% 
15.7% | 60-69% 15.7% 
7.5% 50-59% 7.5% 
5.8% 40-49% 3.3% 
30-39% 1.7% 
20-29% 0.6% 
10-19% 0.2% | 
0-9% 0.0% — | 


1. [8 marks] Find dy if 
dx 


(a) [4 marks] y = e” tana. 


Solution: use the product rule. 


dy _ 
dx 


3 3 2 
3x? - e” -tanz +e” sec? r 


(b) [4 marks] y = ln(x? + x + 1). 


Solution: use the chain rule, twice. 


dy 1 1 


dx 2/in(a® +T + 1) “at tat+l1s 


. [8 marks] Find all the points on the graph with equation x? + 6x + y? + 3 = 0 such 
that the tangent line to each of the points passes through the origin. 


Solution: let the point of contact be (a,b). Then 
a? +6a +b? +3=0 


and the slope of the tangent line to the curve at (a,b) is 


b—0 
m= = 


a—0O 


7 


? 
a 


since the tangent line is to pass through the origin. On the other hand, by implicit 


differentiation, 
d d 3 
2+6 +2 2 +0=0> es ; 
dx dx y 


So the slope of the tangent line to the curve at (a,b) is also given by 


a+3 
b 


Hence there are two equations that a and b must satisfy: 


b 3 
gaer a Se (1) 
a b 
a +6a+b +3=0 & @ +b = -ba -3 (2) 


Comparing equations (1) and (2) implies 


—3a = —6a — 3 & 3a = —3 & a = -l. 


Then, from equaiton (1), 
b? = —3a — a? = (—3)(—1) — (1)? = 2 > b = 4V2. 


So there are two points on the graph with equation x? + 6x +y? +3 = 0 from which 
the tangent lines pass through the origin, namely 


(—1,+V2). 


2 
3. [9 marks] Find both dy and vy at the point (x,y) = G 


1 
a Ja? ) if y + sin(ry) = z. 


22 


Solution: differentiate implicitly, with respect to x, twice: 


y+sin(ry) = qx (3) 
= y' + cos(ry) (ry) = (4) 
=> y” —sin(my) (ny) (ny) + cos(ty)(ty") = 0 (5) 


1 
To find y at (x,y) = (5 


1 
5° 5) substitute y = . into equation (4) and solve for y’ : 


y +cos (7) (my) =1>y+0=15y/=1 


3 1 1 
To find y” at (x,y) = G 5) substitute y = 5 and y’ = 1 into equation (5) and 


solve for y” : 


I 
D 


y" — sin (=) (1? - (1)?) + cos (5) (m y") 
=> y'=- r°+0 


e y" Ls 1 


D 


4. [9 marks] Simplify the following derivatives as much as possible. 
d 1-2 
4 marks] — | tan7! 
(a) [4 marks] £ (tan =) 


Solution: use the chain rule, and the quotient rule: 


a 
dx 


(= (55)) = (= 


1 (oe 
= 1-r\? 1+) 
1+ ( =} ( ) 
l+2 
= —2 
D ee haa)? 
= —2 
= 1+2g+zr2+1-— 2r + 2? 
1 
~ IFz 


d 1 
(b) [5 marks] T (sin (=) + sec! e); if fe) > 1. 
x 


Solution: more chain rule: 


— | sin — | +sec x 
dx x 


1 


1 d [1 
VI- (jay de o "eari 


|z] (=) | 1 
w—1 \a?/} | |x| Va? — 1’ 
1 


1 1 
— | j 
vz? —1ļe| |eļvz2?—1 
1 1 


|x| V2? ai |z|Vx? — 1 
0 


since Va? = |z| 


since x? = |z|? 


5. [9 marks] Find the following limits. 


(a) [4 marks] 


Solution: 


(b) [5 marks] 


Solution: 


In L 


lim Bereg sa 
z30 et —l—2 


0 
limit is in the 5 form. Use L’Hopital’s rule . . . twice: 


lim In +2)- x — lim ite 
z>0 et —l1—- 24 z0 et — 1 
-1 
= li rea 
z—-0 e7 
=: al) 
1 
= —] 
lim(2 m x) tan (ra /2) 
limit is in the 1% form. Let the limit be L. 
= lim In ((2 — q)’ tan a) 


= tim 7 tan (72/2) In(2 — x) 

sin (72/2) 

rl COS cos (72/2) 
) lim 


ln(2 — x) 


an 2 cos (72/2) 
Tsin (7/ rane (72/2) 


, which is in the ; form 


rol \2—"% 


_ (=D 


= 7lim (=>) / ((—sin(a2/2))(a/2)), by L’Hopital’s Rule 


6. [8 marks] Suppose that liquid is to be cleared of sediment by allowing it to drain 
through a conical filter that is 16 cm high and has a radius of 4 cm at the top. 
Suppose also that the liquid is forced out of the cone at a constant rate of 2 cm? per 
min. At what rate is the depth of the liquid in the filter changing when the liquid 


in the cone is 8 cm deep? (The volume of a cone is given by V = 3 r°h.) 


Solution: to the right is a side view of the conical filter. Let h be the depth of the 
fluid in the filter at time t; let r be the radius of the surface of the fluid at time t. 
By similar triangles, 


Pa ee Cuis 
h 6. Ta (pate 
Thus the volume of the cone is given by 
(r, h) 
a (h\? Ts 
z 


Differentiate implicitly with respect to t : 


dV — 3nh?dh _ wh? dh 
dt 48 dt 16 dt’ 


Use acs and let h= 8: 
dt 


PE (8? )dh dh 1 


> = : 
16 dt dt 2r 


So when the liquid in the cone is 8 cm deep, the depth of the liquid is decreasing at 


at rate of — cm/min. 
2T / 


7. [9 marks] The parts of this question are unrelated. 


(a) [4 marks] Find the linear approximation of 59~'/3. Give your answer to 4 decimal 
places. 


1 
Solution: let f(x) = x7" and pick a = 64. Then f'(x) = ae 


fiz) ~ f(e)+f'(@)@-a@) 
=> f(59) ~ f(64) + f’(64) (59 — 64) 
= 647! = G) 64743 (—5) 
ee Se 
= 273 256 
= 197 _ 0.256510416... 
768 


= 5971/8 


K 


0.2565, to 4 decimal places 


d 
(b) [5 marks] Find the value of T at the point (x,y) = (2, 16) if 


y = £” Vx? + 12; 


Solution: use logarithmic differentiation. 


yao Vr? +12 > lny = lnr” + ln vr? +12 
1 2 

=> Iny=alne + 5 ln(x +12) 
y' xz 1 (2x) 


=> —=]lg+-4 
y nee 207+ 12 


At (x,y) = (2, 16), 


2 
‘—16(In2+1+ —— ) = 16ln2 + 18. 
yY 6 (m24 +o) 6ln2 + 18 


MATI86H1F - Calculus I - Fall 2014 


Solutions to Term Test 2 - November 11, 2014 


Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


This test consists of 8 questions. Each question is worth 10 marks. Total Marks: 80 


General Comments: 
1. The results on this test were very good. 


2. Question 7 caused lots of confusion: L(x) = f(a) + f’(a)(a — a) but f(x) ~ f(a) + f’(a)(x — a); so 
V5 ~ L(5). Similarly, in part (b), you should realize that every number your calculator gives you is 
an approximation, unless it has a finite number of decimals. Many students lost 1 or 2 marks on this 


question because they confused equal with approximately equal. 


Breakdown of Results: 890 students wrote this test. The marks ranged from 18.8% to 100%, and the 
average was 78%. Some statistics on grade distributions are in the table on the left, and a histogram of 


the marks (by decade) is on the right. 


Grade % Decade % 

90-100% 20.1% 
56.8% | 80-89% 36.7% 
21.6% 70-79% 21.6% 


11.3% | 60-69% 11.3% 

5.1% 50-59% 5.1% 

5.2% 40-49% 2.4% 
30-39% 1.6% 
20-29% 1.1% | 
10-19% 0.1% O O 


0-9% 0.0% 


WOO WS 


MATI186H1F — Term Test 2 


PART I: No explanation is necessary. 


1. (avg: 6.5/10) The graph of the function 
f is given to the right. Decide if the 


following statements about f are True 


3 1 s 
or False. 

Circle your answers. 

(a) f is increasing on the interval (—1, 1) True 
(b) f is increasing on the interval (—3, 0) False 
(c) f has three inflection points. False 
(d) f has a local maximum value at z = —1 True 
(e) f has a vertical tangent line at x = 0 False 
(£) Excluding z = —1, f has seven critical points. True 
(g) f has a maximum value at x = 1 by the first derivative test. True 
(h) f has no absolute minimum value on the interval (—1, 1) True 
(i) f has a minimum value at x = —3 by the second derivative test. False 
(j) f has a minimum value at x = 2 by the second derivative test. True 


Page 2 of 10 Continued... 


MATI186H1F — Term Test 2 


PART II: Present complete solutions to the following questions in the space provided. 


301 1-21 
2. (avg: 8.0/10) Let f(x) = ae for which you may assume f'(x) = 30 (==) and f"(x) = 


T (= 5) 
x 


(a) [L mark] Find the interval(s) on which f is decreasing. 

Solution: for the whole question x > 0 since the domain of ln z is x > 0. 

f'(£)<0=1-—2lnz <0 => lng > 1/2 z > Ve; so f is decreasing on (ye, 00). 
(b) [1 mark] Find the interval(s) on which f is increasing. 

Solution: f'(x) > 0 =>1-—2lnz > 0 => lng < 1/20 < x< ye; so f is increasing on (0, ye). 
(c) [1 mark] Find the interval(s) on which f is concave up. 

Solution: f”(x) > 0 = 6lnz—5 > 0 = lng > 5/6 > x > eô; so f is concave up on (e5/6, o0). 
(d) [L mark] Find the interval(s) on which f is concave down. 

Solution: 

f'(x) <0 = 6lngz-—5 <0 = lng < 5/6 > x < e56; so f is concave down on (0, e*/6), 
(e) [2 marks] Find lim f(x). 

~—00 

= 30 lim U2 15 lim Tei 


roo 2r LTO T 


301 

Solution: use L’Hopital’s Rule: lim = 
L000 £ 

(£) [4 marks] Sketch the graph of f labeling all critical points, inflection points and asymptotes. 


Solution: 


x = 0 is a vertical asymptote; 
y = 0 is a horizontal asymptote; 
(ve, 15/e) is a maximum point; 


(e5/6 25 /e5/3) is an inflection point. 


Page 3 of 10 Continued... 


MAT186H1F — Term Test 2 


d 
3. (avg: 9.1/10) Find and simplify -= at the point (x,y) = (1,7) if 


(a) [5 marks] ysiny = z4 — z 


Solution: differentiate implicitly. 


d d 
TY sin y + y cosy = 4r? 


= 
dx dx 
At (x,y) = (1,7), we have 
dy dy 3 
(a4 S ee 
“da dx 
(b) [5 marks] y = (4 tan™t x)”. 
Solution: differentiate logarithmically. 
ld 
lny = 2ln(4tan7! r) > -F = lIn(4tan™! r) +2 ( 


At (x,y) = (1,7), we have tan-! 1 = 7/4 and 


T dx T 


Consequently, 
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4/(1+ 2”) 


A4tan lx 


). 


Continued... 


MAT186H1F — Term Test 2 


4. (avg: 7.9/10) An inverted conical water tank with a height of 6 m and a radius of 3 m is drained 


through a hole in the vertex at a rate of 1 m®/sec. What is the rate of change of the water depth 


when the water depth is 2 m? (The volume of a conical tank is given by V = mr?h/3.) 


Solution: 


y 


let r be the radius of the surface of the water at depth h above the vertex. 


(3,6) (i 3 1 
By similar triangles, — = 6 er= 5h So the volume of the water is 
(r, h) he ae T 
Vi a i J T 
x 


Side view of cone 


Now 


_ dV _ Tadh 


l dt 4 dt’ 


so when h = 2, 


dh 41 


dt n4 T 


that is the depth of the water is decreasing at a rate of 1/r meters per second. 


Page 5 of 10 Continued... 


MAT186H1F — Term Test 2 


5. (avg: 7.6/10) Find the following limits. 


1 


. e*—1-sin “2 
(a) [5 marks] lim Bie 


Solution: this limit is in the 0/0 form so use L’Hopital’s Rule. 


e? —1-—sin™t g i e —1/V1— 2? 


li = 
0 z3 + Ax? rou Bee + 8x 
£ x/(1 — z2)3/2 
(use L’H again) = lim : lh F 7 ) 


1 
8 


(b) [5 marks] lim (cos E) 


Solution: this limit is in the 1°° form, so take the log of the limit, and then use L’Hopital’s 


Rule. 
2\\7 2 
L= lim (os B) >lnL = lim zln (cos (2)) 
L—00 £ £00 z£ 


L im PCD) 
z—>o0 1/x 
. sec(2/x)(—sin(2/x)(—2/x? 
(by L'H) = lim (2/x)( ae )(—2/x?) 
= —2 lim tan(2/2) =0 
Sb = emi 
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MAT186H1F — Term Test 2 


6. (avg: 8.7/10) Given that the acceleration function of an object moving along a straight line is a(t) = 
3sin(2t), find the position function s(t) if the initial velocity is v(0) = 1 and the initial position is 
s(0) = 10. 


Solution: 


v= foa = [ssine dt = 2 cos(2t) + C. 


To find C use v(0) = 1: 


3 5 
L= EEC SCG 


Then 
3 5 3. 5 
s= [ow = A (-§ cos(2t) + 5) dt = =d sin(2t) + F D. 


To find D use s(0) = 10: 
3 
WG ein Oh Dee 10: 


Thus the position function is 
3 5 
s(t) = ri sin(2t) + zt +10. 
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MAT186H1F — Term Test 2 


7. (avg: 7.3/10) (a) [4 marks] Find a linear approximation to v5. 


1 
Solution: let f(x) = yz and take a = 4. Then f'(x) = OWE: and the tangent line to f at a= 4 has 
equation 
1 
y= f(A) + A-4) = 24 F(e-4) Sii 


So to find a linear approximation to v5 take « = 5; then 


5 
v51 +7 = 2.25. 


7.(b) [6 marks] Approximate v5 correct to 4 decimals using Newton’s method. Hint: let f(x) = x? — 5. 


Solution: let f(x) = xz? — 5. Then f'(x) = 2x and Newton’s recursive formula is 


Flan) _ r? —5 ats 
f'(x) % 22n vy an 


Tn+1 = Tn 
for n > 0. If you pick xp = 2.25 (from part (a)) then 
zı © 2.236111111, ro & 2.236067978, x3 ~ 2.23606798, 


so correct to 4 decimal places, 
V5 x 2.2361 


Page 8 of 10 Continued... 


MAT186H1F — Term Test 2 


8. (avg: 7.3/10) 


4 
Find the value of x that maximizes @ in the figure to 
the right. Note: there are easy ways and there are hard 
ways to solve this problem, and in a certain sense the 3 
answer is obvious. It’s up to you to explain your solution 0 
as clearly and concisely as you can. 
x 
4 
Solution: let a and 8 be angles as labeled in the 
diagram to the right, in which two more lengths 3 3 
have also been included. Since a+ 8 + 8 = 7, to 
maximize @ is the same as minimizing a+ 8. a 8 3 
x 4- 
We have: 
a + 8 = tan”! (=) + tan“! ( ) 
x -T 
and 


d(a+) _ 1 3 1 3(-1) \ __ 3 3 
dx =e ( =) + roar l qos) = r2+9' (4—-2)2+4+9 
Then 


da+8) _o 3 3 2 


dx PLO” (dea = (4-27 > z? = 16 — 8r +2? >2=2. 


Finally, confirm that a+ 8 is actually at a minimum if x = 2, by the second derivative test: 


(a+ B) 6x 6(4 — x) 


dx? (a2 4.9)?  ((4-— z)? +9)?’ 


which is positive for all x € [0,4]. 


Page 9 of 10 Continued... 


MAT186H1F — Term Test 2 


Alternate Solution: If you use the cosine law for Question 8 you will obtain 
16 = z? +94 (4— £)? +9-— 2y r2? +94 (x — 4)? +9 cos 


Solving for cos 0 gives 
xr? —4da +9 


V2 F9 (4-2) +9 


Differentiate implicitly to save some work: 


cos ĝ = 


sigs 288(a — 2) 
dz (9 + #)3/2(25 — 8a + #2)3/2’ 


where we have used the quotient rule on the right side, although the details have been omitted. 


As before: 
ao 
dx 


Use the first derivative test to establish that @ is actually maximized at x = 2; but first you have to 


O=>27=2. 


state that sin 0 > 0, since 0 < 6 < a. Then — sin 0 < 0 and: 


se yet Os Gg i a0 eg 
dx dx 
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MATI186HI1F - Calculus I - Fall 2015 


Solutions to Term Test 2 - November 24, 2015 


Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


General Comments: 


1. Each question had a range of 0 to 10. The only question with a failing average was Question 8, 
although it was both a tutorial and a homework problem. It should not have caught anybody by 


surprise. 


2. Surprisingly, the averages on both Questions 3 and 5 were low, even though these two questions 
are purely computational! Although, in Question 5(b) things can get really messy if you try to use 


L’Hopital’s Rule more than once. 


3. At present, the average mark out of 35, with the first test counting as 15 and the second test as 20, 
is 25.31/35 or 72.3%. 


Breakdown of Results: 879 students wrote this test. The marks ranged from 26.25% to 98.75%, and 
the average was 68.35%. Some statistics on grade distributions are in the table on the left, and a histogram 


of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 4.2% 


20.7% | 80-89% 16.5% 
30.1% | 70-79% 30.1% 
24.6% | 60-69% 24.6% 
15.5% | 50-59% 15.5% 
9.1% | 40-49% 6.3% 
30-39% 2.4% 
20-29% 0.4% | 
10-19% 0.0% | [| 


0-9% 0.0% 


MoU we 


PART I: No explanation is necessary. 


1. [avg: 8.15/10] Sketch a possible graph of y = f(x) if f is a function with ALL of the following 


properties: 


e f(x) is continuous for all x. 

e the only z-intercepts on the graph are (x,y) = (—2,0) and (2,0). 

e the only y-intercept on the graph is (x,y) = (0, —2). 

e f(—3) = 1 and f(3) =3. 

o f'(x)>0ifzr<—3or0<rzr< 3; f(x)<0if—-3<xz<0orzr>3. 
© f"(x)>0if2 < |r| <3 or |z| > 3; f”(x)<0if0 < |r| <2. 

e lim f(x)=0 and Jim f(a) =, 


wL—-— CoO 
Label all critical points and inflection points on your graph, and all asymptotes to your graph of f. 


Solution: the graph should look something like: 


HA: y=0 


There are critical points at -2.4 
(x,y) = (—3, 1), (0, —2) and (3,3); 3.2 
there are inflection points at 

-4.0 


(x,y) = (—2,0) and (2,0). 


2 Continued... 


2. [avg: 6.20/10] Decide if the following statements are True or False. Each correct choice is worth 1 


mark. 
(a) If f has a local maximum at c then f’(c) = 0. © True ® False 
(b) If f has an inflection point at c then f”(c) = 0. O True ® False 
(c) If f’(c) = 0 then f has an inflection point at c. © True ® False 
(d) Suppose f'(x) > 0 for all x. Then lim f(a) = oo. © True ® False 
F ; d a 
(e) If f is continuous for all x then PT fdt) = f(x). ® True © False 
x a 


b 
(£) If F is an antiderivative of f on the interval [a,b], then f f(t) dt = F(b) — F(a). 
® True © False 


2 3 3 
(g) If 1 h(t) dt = 0 and f h(t) dt = 0, then f h(t)dt = 0 O True ® False 
0 1 0 


(h) If F and G are both antiderivatives of f on [0,1] and F(0) = G(0), then F(x) = G(x) for all x 
in [0, 1]. ® True © False 


(i) If f is continuous on [a,b] then f has an antiderivative on [a,b]. ® True © False 


(j) Suppose c is a critical point of f such that f”(c) = 0. By the Second Derivative Test, c is neither 


a local maximum nor a local minimum of f. © True ® False 


3 Continued... 


PART II: 


Present complete solutions to the following questions in the space provided. 
. e dy ! ! 
3. [avg: 6.38/10] Find and simplify T at the point (x,y) = (2,2) if 
z 
5 mark TA 
(a) [5 marks] y = (sin (S)) ; 
Solution: use logarithmic differentiation and the product rule, chain rule and quotient rule. 


my= -em (sin (3)) > = -m (sin (5)) - ecse (5) cos (4) (2) 


x? z3 


Substitute (x, y) = (2, 2): 


= afa P) -2 (E (F) 
“$= (a A a Qa 


x2 
(b) [5 marks] y = x +f Vt3/2 +1 dt. 
4 


Solution: use the Fundamental Theorem of Calculus, and the chain rule 


d 
7 = 1420 4/(x2)3/241=1422 yjz +1. 
T 
Substitute x = 2: 


W = 1 4.2(2) VE FT = 1+4(3) = 13. 


Continued... 


4. [avg: 7.41/10] Two parallel paths 15 m apart run east-west through the woods. Brooke jogs west to 


east on one path at 4 m/sec, while Jamail walks east to west on the other path at 2 m/sec. If they 


pass each other at t = 0 how far apart are they 3 seconds later, and how fast is the distance between 


them changing at that moment? 


Solution: 


Let Jamail’s position at time t be (y, 15) and let Brooke’s position 


(y,15) J (0,15) 


at time t be (x, 0) as illustrated on the diagram to the right, where 


t is measured in seconds since they passed each other. Let D be 


the distance between them at time t. We have x = 4t and y = —2t 
and D? = (x — y)? + 15. Then: (0,0) B (2,0) 


and 


So at t = 3, 


and 


D? = (4t — (—2t))? + 15° = 36t? + 225 


dD dD 36t 
a pa e A 
a ae D 


D? = 36(9) + 225 > D = V549 = 3V61 ~ 23.43 m 


= = ~ 4.61 m/sec. 


dt 3/61 v6l 


5 Continued... 


5. [avg: 5.93/10] State which indeterminate form each of the following limits is, and then calculate it. 


$ -x 2/x 
(a) [5 marks] lim (e7? + 32) 


co 


Solution: in the 1° form. 


>InL 


>L 


lim 


m — 2sec™t (2x) 


(b) [5 marks] 


z=- T + 2tan—!(3z) 


(e7? +32) 2/2 


2In(e~* 
im n(e~* + 3x) 
x—0+t £ 


—e 7+3 ENESTIS 
2 e A by L’Hopital’s Rule 


—1 
9 +3 a 
1+0 


et 


lim 
x—0T 


Solution: in the 0/0 form. Use L’Hopital’s Rule. 


T — 2sec—1 (22) 


ji 
2-00 T+ 2 tan—1(3z) 


2 
2 
: (we) 
= lim 


&L——00 9 3 
1+ 9x? 


, by L’Hopital’s Rule 


1 1+ 92? 
= —= lim ———, since Vx? = |x 
3 2-00 |x|? /4 —1/x? | | 
1+ 92? 2 


since |x|? = x 


im ; 
3 2-00 24/4 —1/x? 
1 4 1/a7 +9 


im —— 
3 2-00 ,/4 — 1/2? 


, dividing through by z? 


Note: Depending on how you do the algebra, things can get surprisingly messy for such a short 


question! 


6 Continued... 


6. [avg: 8.55/10] A large tank is filled with water when an outflow valve is opened at t = 0. Water flows 
out at arate, in liters per minute, given by Q’(t) = 0.1(100 — t°), for 0 < t < 10. 


(a) [5 marks] Find the amount of water Q(t) that has flowed out of the tank after ¢ minutes, given 
the initial condition Q(0) = 0. 


Solution: 
Q(t) = fo 1(100 — t°) dt = : 100t 3 +C=10t Š DO 
oJ ~ 10 3 = 30 
To find C use the initial condition Q(0) = 0: 


0=Q(0)=0-04+C8C=0. 


So, in units of liters, 
+3 
t)= 10t- —. 
al) L 


(b) [2 marks] How much water has flowed out after 10 minutes? 


Solution: 


1000 200 
10) = 100 == = x 66.7 li 
Q(10) = 100 30 3 66.7 liters 


(c) [3 marks] How much water flowed out of the tank for 4 < t < 8, that is, between the 4th and 


the 8th minutes? 


Solution: 


8 
l Q'(t) dt = Q(8) - Q(4) = 80 - = («0 =) ae 
4 


7 Continued... 


7. [avg: 7.28/10] The parts of this question are unrelated. In both parts drawing a graph will be helpful. 


3 
(a) [4 marks] Find the value of n |x — 1| dx geometrically. 
0 


Solution: the integral represents the combined 


area of the two triangles, shown to the right. So 


5 


f e-d = $0) + £0 = 
0 “9 ne 


Or you can do it using calculus: 


f| -id= [Pa-aars fe-ryae 


~[-25*] +f) 1 4 5 


2 2 |, 2°2° 2 = Sg 


0 


(b) [6 marks] Explain why the equation 2 — x? = In z has exactly one solution, and then approximate it 
correct to 3 decimal places by defining an appropriate function f(x) and applying Newton’s method. 
(Start with zo = 1.) 

Solution: the parabola with equation y = 2 — x? 
intersects the graph of y = Ina in just one point, 
somewhere in the interval [1, 2], as the graph to the 


right shows. Let f(x) = 2? +1n z — 2, then 


f(a) =20 ++, 
x 


and Newton’s recursive formula is 


n — flan) _ x? +Ingy — 2 
n+l = in Fln) = dn 2tn +1/xp ’ 


for n > 0. 


Starting with zo = 1, and using your calculator, you will find: 
zı = 1.333333..., vg = 1.3141743853..., v3 = 1.314096806..., x4 = 1.314096804... 


So correct to three decimal places, the solution is x = 1.314 


8 Continued... 


8. [avg: 4.78/10] What is the length of the longest pole that can be carried horizontally around a corner 


at which a l-meter corridor and a 2-meter corridor meet at right angles? Draw a diagram! 


Solution: in the figure to the right, the length of the pole L 
is calculated in terms of two pieces, one with length Lı and 
one with length Lə. When the pole is touching the corner 


and the two sides we have 


L = Lı + Lə = csc 0 + 2 sec 0, 


where @ is the angle indicated in the figure. The problem is sin? = 1/1, 


to find the shortest value of L for cos @ = 2/ Ly 
0< 0 < 7/2, 
since the length of the pole that can be carried around the 


corner is limited by the tightest fit in the corridor. 


Critical Point: 


L 
— = 2sec@ tan 0 — csc 0 cot 0; 


dé 
dL 2sin@ cos 3 1 
de Wah ee C= 5 sehen ag 


From the figure to the right, at the critical angle 


Vf 22/3 +1 
21/3 1 V2 +1 


csc 0 = y 22/3 +1, 


sec 0 = 


and 


0 
so the length of the longest pole is 21/3 
/52/3 3/2 
L= 2/3 +14 2( oe | = (2+1) AAO: 


This is actually the shortest value of L, by the second derivative test, since 


d?L 
P7 = 2sec @ tan? 6 + 2 sec? 6 + csc 8 cot? 0 + csc? 0 > 0, for 0 < 0 < 7/2. 


Approximation: its not necessary to find the critical angle, but it is approximately 38.4°. 


9 Continued... 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


10 Continued... 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


11 Continued... 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


12 The end. 


MATI86HI1F - Calculus I - Fall 2016 


Solutions to Term Test 2 - November 22, 2016 


Time allotted: 100 minutes. 


General Comments: 


Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


Breakdown of Results: 748 students wrote this test. The marks ranged from 25% to 97.5%, and the 


average was 68.0%. Some statistics on grade distribution are in the table on the left, and a histogram of 


the marks (by decade) is on the right. 


Grade % Decade % 

90-100% 2.4% 

A 17.2% | 80-89% 14.8% 
B 35.0% 70-79% 
C 25.5% | 60-69% 
D 12.4% | 50-59% 
F 9.8% 40-49% 
30-39% 
20-29% 
10-19% 
0-9% 


35.0% 

25.5% 

12.4% 

6.8% 

2.3% 

0.7% 

0.0% | 

0.0% —— ú | 


1. [avg: 6.6/10] Indicate if the following statements are True or False. No justification is required; 1 mark 


for each correct choice. 


(a) If f is continuous on [a,b] then it has an absolute maximum and an absolute minimum on [a,b]. 


@ True © False 


(b) A point c is a critical point of f if and only if f’(c) = 0. © True @ False 


(c) If f is continuous and has a local extremum at x = c, then f does not have an inflection point 
at t =c. © True @ False 


(d) f(x) = 2? has an absolute minimum on (—1,1) but no absolute maximum. @ True © False 


(e) Suppose F and G are antiderivatives of f on [0,4]. If F(0) = G(0) + 1 then F(4) = G(4) +5. 
© True @ False 


(f) Suppose F is an antiderivative of the continuous function f on [—1,1] and G(x) = f f(t)dt 
= 


for x > —1. If F(—1) =7 then F(x) = G(x) +7. @ True © False 
t 2 
(g) The function N(t) = f e™™ dw is increasing for all t > 0. @ True © False 
0 
0 
(h) jim ee does not exist. © True @ False 
_ tanlu 
(i) lim =o @® True © False 
u—> u 
7 f(t) dt 
(j) If f and g are continuous functions, then lim f(z) = lim Jo FO) dt if the limits both exist. 


10 g(x) 0 fý g(t) dt 
@® True © False 


2. [avg: 7.7/10] Suppose g(t) is continuous everywhere and all the derivatives of g(t) exist except at t = 4 
and t = 6. The following data for g(t), g'(t), and g”(t) on 0 < t < 10 are known: 


Gell) 26.7) hoe | SA a 5 6 7 ||, Be {| 28: 4). 0. | 

fy | 4 | S06.) 2.2" a a 26s), Ba |. 28" | 08 19 37 
| 

| 


t 
g(t) 
g(t) | 35 | 33 | 0 |-08|DNE}| 1.6 |DNE|-1.9] 0 | -0.9| -2.6 


g" (t) 0.2 1.1 0.2 0.1 | DNE | -1.2 | DNE | 1.1 0 —0.3 | —0.2 


Given that the table contains all values t, 0 < t < 10, for which g'(t) = 0 or g” (t) = 0, and all values 
t, O< t< 10, for which g'(t) or g”(t) does not exist (DNE), find the following for g on [0,10] : 


(a) [3 marks] the values of t for which g is decreasing. (Express your answer in interval notation, 


set notation, or using inequalities, whichever you prefer.) 


Solution: need intervals on which g'(t) < 0. Including end points is optional. 
e In terms of open intervals: t € (2,4) U (6,8) U (8, 10) 
e In terms of closed intervals: t € [2, 4] U [6, 10] 


(b) [2 marks] the absolute maximum and absolute minimum values of g. 


Solution: the extreme values occur at an endpoint, t = 0 or t = 10, or a critical point, 


t = 2,t=4,t = 6 or t = 8. Compare the values of g : 


e |the maximum value of g is 3.1 | (at t = 6), and 


e |the minimum value of g is —4.1 | (at t = 0.) 


(c) [3 marks] the values of t for which g is concave down. (Express your answer in interval notation, 
set notation, or using inequalities, whichever you prefer.) 
Solution: need intervals on which g”(t) < 0. Including end points is optional. 
e In terms of open intervals: t € (0,4) U (4,6) U (8, 10) 
e In terms of closed intervals: t € [0,6] U [8, 10] 


(d){2 marks] all the inflection points of g. 


Solution: need points at which g”(t) < 0 on one side, but g(t) > 0 on the other side. The two 
inflection points are 

e (6,3.1) 

e (8,-0.3) 


3. [avg: 7.1/10] Find and simplify the derivative of the following functions at the point x = 4: 


(a) [4 marks] F(x) = fU seta 


Solution: use the Fundamental Theorem of Calculus, Part 1, and the chain rule: 


F'(x) — sec"! ne N 
So 
oreen E 
(b) [6 marks] G(x) = a“ 


Solution: use quotient rule or logarithmic differentiation: 


a Cae nae ee 3 
ln G(x) = ln ( G@+362) 73 In(a* + 9) — 2 n(x? + 36) 
E G'(z) 3 2x 7 3x? Be. 6a? 
G(x) 2 \a? +9 r3 +36) 22+9 23+36 
At x = 4, 
2583/2 1 
G(4) = S 
(4) 1002 80 
and 


cw =o (2 mae Se Ves th 08 
25 100 80 100 


4. [avg: 8.4/10] Let e” +a = y. 
d 
(a) [4 marks] Find the value of T at the point (x,y) = (—1,0). 
£ 


Solution: use implicit differentiation, using the chain rule: 


dy dy 
Qe 2% 41= 22% 
eae ae 
At (x,y) = (-1,0), 
dy dy _ dy 
2 r= = -1 
dx z dx dx 


d2 
(b) [6 marks] Find the value of T3 at the point (x,y) = (—1, 0). 
z 
Solution: differentiate implicitly again, using the product rule and the chain rule: 


dy\ dy ay ey dy 
2 | 2e?” L 2624 -23 
( E w) dr de oe dx? 


At (x,y) = (—1,0) from part (a), 


and so 
dy æy dy 
dx? dz? dx? 


5. [avg: 7.5/10] Find the following limits. 


e — l-r 


(a) [4 marks] lim z 


x—0 x 


Solution: the limit is in the 0/0 form; use L’Hopital’s rule: 


>. &@— l-r . eri 
lim —n ~ = lim 
x—>0 Hi z—-0 2r 
e? 
VH i = lim — 
( again) lim 5 
= 1 
— 2 


(b) [6 marks] lim 3 (tan g)" (20) 


—>r/47 
Solution: apart from the constant factor 3, the limit is in the 1° form. Take the natural log 


of the limit and then use L’Hopital’s rule: 


L = lim (tang)*n(?4) 
07 /4- 
>InL = lim In(tang)*e® 
07 /4- 
= li tan(26) In(tan 0 
oe an(26) In(tan 6) 
. In(tan@) . 0 
= im ————, in - form 
6—7/4- cot(20) 0 
sec? 0 
WH = li tan 0 
ae rae —2 csc?(26) 
ee 
BANC 
= -l 
>L = e! 


So the final answer is 


lim 3 (tan g)tn(2@) — 2 
07 /4- e 


6. [avg: 2.0/10] Suppose that a spherical snowball melts so that its volume decreases at a rate proportional 


to its surface area. (Recall: for a sphere of radius r its volume is V = and its surface area is 


S = 4rr°?.) If the volume of the snowball is initially 1000 cm? when it starts to melt, and its volume 
is 800 cm? after 10 seconds, how long will it take to completely melt? (Give your answer to the 


nearest second.) 


Solution: there is a constant k such that 


dV aV 
dt dt 


On the other hand, using the chain rule: 


Compare these two equations and conclude that 
dr 
— =k. 
dt 


Therefore r = kt + ro, where rg is the radius of the snowball at t = 0. At t = 0, 


4r 750\ 1/3 
1000 ao ro (=) ; 
At t = 10, 
4r 600\ 1/3 
800 = i © rio = (=) $ 
Thus 
rıo = ro + 10k & k = O= 0 
10 
Finally the snowball is totally melted when r = 0 
10 10 10 
0a eee ee x~ 139.5 


k ro — rio = 1 — r10/ro = 1— (0.8)1/3 


So it will take 139 (or 140, accept either) seconds for the snowball to melt. You could also say it will 


take about 2 min and 20 sec. 


7. [avg: 8.5/10] The parts of this question are unrelated. 


2 x5 =a, 
(a) [4 marks] Find the value of I ( = ) dx. 
1 


Solution: use Fundamental Theorem of Calculus, Part 2: 
27,5 2 5 2 
—1 1 32 1 1 
f (2 ) ax = f («*-2) dx = [= -mel = In2 =e In2 
1 x 1 x 5 1 5 5 5 


3 


(b) [6 marks] Approximate the solution to the equation z? — g -— 2 = 0 by using Newton’s method, starting 


with xp = 2, and calculating until the first four decimals of your approximations stop changing. 


Solution: let f(x) = x? — x — 2; then f'(x) = 3x? — 1 and Newtons’s recursive formula is 


Nace) 33 —an—-2 203 +2 


—-. — m, = — 
Fe a (os) a 3x2 — 1 3z? — 1 


, for n > 0. 
Now use your calculator and calculate: 
zo = 2 > xı = 1.636363636 ... 


zı = 1.636363636 --- = z2 = 1.530392052... 
z2 = 1.530392052--- > x3 = 1.521441465... 
v3 = 1.521441465--- > x4 = 1.521379710... 
z4 = 1.521379710--- > x5 = 1.521379707... 


and we can stop since the first four decimal places, actually the first seven, have stopped changing. 


8. [avg: 6.6/10] The lower edge of a painting, 3 m in height, is 1 m above an observer’s eye level. How 
far from the wall (on which the painting hangs) should the observer stand to maximize his or her 


viewing angle? 


Solution: let the distance from the observer to the wall be z, let the angle from eye level to the 
bottom of the frame be a, let the angle from eye level to the top of the frame be £, let the angle 
subtended at the observer’s eye by the painting be 0. 


Then 0 = 8 — a and 
1 4 
3 tana = —, tanĝß = —. 
x x 
So 


K 7 wore 


© eye of the beholder 
x 


The problem is to maximize 6 for x > 0. Find the critical point(s): 


do 1 4 1 I) 4 
dx 1+(4/x)? \ 2? 1+(1/z)?\ z?) 224160 2241 
C a! 
dx z2+16 2241 


since we are assuming x > 0. Confirm a maximum value occurs at x = 2: 


= 0 => 4r? +4 = z? + 16 > 3r? =12 377 =45327=2 


d0 8x 2x 


dz? (a2 +16)? (x? +1)? 


and 
d?0 3 zi 
dz? | 3 cl 


Conclusion: the observer should stand 2 m from the wall. 
Alternate Solution: use the cosine law. 


4+ x? 


V16+ 17x? + x4 


9 =16 +z? +1427 -2V164 22/1 +22 cos 6 > cos = 


After much calculation: 


. dé 9a(x? — 4) do 
0 = = = 
sin? = (64 17 + 23 and Tz g=, 


as before. 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


MAT186H1F - Calculus I - Fall 2017 
Solutions to Term Test 2 - November 21, 2017 


Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


Comments: 


1. Every question had a passing average, except for Question 8. But to pass Question 8 all you needed 
to do was draw a diagram, define the function to be minimized, and calculate its derivative. Everyone 
should have been able to do that. The rest of the question is more difficult, especially confirming 
that your crucial point gives the minimum value. 


2. One third of the class failed this test! That is hard to believe, since so many questions came right 
out of WeBWork and/or the text book. In any event, based on each term test counting 20%, and 
assuming an average combined mark of 9 out of 10 for MDT and WeBWork, the average term mark 
in the course is (presently) about 35.4 out of 50, or approximately 70.8 %. 


Breakdown of Results: 742 registered students wrote this test. The marks ranged from 2.5% to 98.75%, 
and the average was (only) 58,9%. Some statistics on grade distribution are in the table on the left, and a 
histogram of the marks (by decade) is on the right. 


Grade % Decade % 

90-100% 4.3% 
16.6% 80-89% 12.3% 
17.3% 70-79% 17.3% 
15.6% 60-69% 15.6% 
17.5% 50-59% 17.5% 
33.0% 40-49% 15.4% 
30-39% 11.1% 

20-29% 5.1% 

10-19% 1.3% 

0-9% 0.1% 

E 


H a w S 


1. [avg: 7.05/10] Find the following limits: 


Solution: limit is in the 0/0 form; use L’Hopital’s Rule. 


sin(52) . 5cos(5x) 5 
im ———~ = Se 
x20 sin! (22) x20 ere 2 


l T 
(b) [3 marks] jim x (5 — arctan x) 


Solution: limit is in the co - 0 form so rewrite it as a fraction, and then use L’Hopital’s Rule. 


T 1 2 
. T ; (3 — arctan x) pot, e i x 
lim z ( — — arctanz) = lim ~*—————* = lim = lm —_,= 
£— o0 2 £r— o0 1/x £r— o0 —1/x? zoo ] +r 


(c) [4 marks] lim 3 (tan x) 2”) 
z—>r/4 


Solution: apart from the factor 3, the limit is in the 1% form, so let the limit be L and then 
take the natural log of the limit, before using L’Hopital’s Rule. 


= olim (tan) = m(2/3)= lim, In ((tan2)'*"2) 


z—>r/4 an /4 


=> In(L/3) = lim tan(2z) ln(tan z) 


an /4 
In(tan z) 


GINS, 0 | 
a>n/4 cot(2x) 


sec? x 


fn( E/3)-—= lim — tans 
ay aAa) fane —2 csc? (2x) 


= In(L/3) = 


2 
inh) =. tee a at 
= NS aD ety 
Ee 
e 


2. [avg: 7.48/10] Find the following derivatives. Simplify your answers. 


3 


(a) [4 marks] O if F(x) = | In(t2 + 1) dt 
1 
Solution: use the Fundamental Theorem and the chain rule; 


F' (x) = In((x?)? + 1) 3a? > F'(2) = 3(4) In(8? + 1) = 12 ln 65 


(b) [6 marks] G'(T/2) if G(x) = (1 + sin? r)? 


Solution: use logarithmic differentiation. 


G(x) = (1 + sin? z) ®® => In(G(x)) = In(1 + sin? z)” = cos z In(1 + sin? z) 


> oo) ina In(1 + sin? x) + 2sin x cos x 
77 ae sinf x) + cosg | ————~— 
Giz) 1+sin? x 
2 si 
1+sin* x 
Observe that 


G(x /2)= (1+1)? =1; 
thus 


G' (1/2) = —sin(a/2) In(1 + sin?(a/2) +0 = —In2. 


3. [avg: 5.04/10] Find the following: 
(a) [2 marks] a (x? +sinz — e”) dx 


Solution: integrate term by term. 


[ (ee +sine— e) dx = = cosx — e” + C 


T/3 cosa 


(i) hae J 


z/6 1 + sin? z 


Solution: let u = sin z; then du = cos z dx and 


T/3 cosg v3/2 1 V3 1 
— z dr = = du = arctan | —— | — arctan | 5 
r/6 1+sin* x ia b+ 2 2 


2 
4 
(c) [4 marks] the average value of f(x) = e 


on the interval [0, 2] 


Solution: the average value is 


os 
a dz = 
2 0 r+2 


0 


le NIe NIe 


(2 — 4 + 8ln(4) — 81n 2) 


Alternate Solution: let u = x + 2; then du = dz, x = u — 2, and 
1 [7x +4 1 ff — 2) +4 
[Site = pp (C) a 
a 1+2 2 Ja u 
E 
= du 
2 2 u 
1 r 
= f (u-4+8) du 
2 2 u 


4 


2 
Sne [$ -4u+ smul 
2 2 


= -1+44In2, as before. 


4. [avg: 5.31/10] Find all the points on the curve with equation x? — 8x + 3y? = —8 at which the tangent 
line to the curve passes through the origin. 


Solution: use implicit differentiation. 


d dy 4- 
ies eee 


2 2 
— 8z + 3y* = —8 > 27 — 8 + 6 = 
j DN : i Ta dx 3y 


Let (a,b) be a point on the curve at which the tangent line passes through the origin; the equation 


of the tangent line is 
4-a 


3b 
Since the point (a,b) is on the curve and on the tangent line we have two equations for a and b: 


a? —8a+3b7=-8 (1) 
and j 
b= (5) oo a = 4a — @ & a? — 4a + 3b? = 0.2) 
Subtracting equation (1) from equation (2) gives 


4a = 8 Sa=2. 


Then, from equation (2), 


3b? = 42) - 2? =4 => b= + 


al’ 


So the two points on the curve are 


5. [avg: 7.14/10] Let f(x) = 27/3 — 72/3, for which you may assume 
7 7 28 14 
f(x) = gals _ a and f"(2) = ae bs ar. 
(a) [4 marks] Find all the critical points of f and at each critical point determine if f has a maximum 
or minimum value at the point. 


722-1) .. 
jee Since 
f'(x) =0 => x = 1; and f'(0) is undefined, 


Solution: factor the first derivative: f'(x) = 


the three critical values of f are x = —1,0 or 1. Using the First Derivative test: 
f(z) > Oife<-lorz>1; and f'(x)<0if—-1<g<1,x #0, 


the function f has a maximum point at (—1,6) and a minimum point at (1, —6). There is neither 
a max nor a min at (0,0). OR use the Second Derivative test: 


14 14 
f") = eg 0 and f”(—1) = = 0, 
so there is a min at x = 1 and a max at x = —1. 
(b) [2 marks] Find all the inflection points of f, if any. 
28x? + 14 
Solution: factor the second derivative: f” (x) = — Since 
ki 


f(x) >0 ifx>0, and f”(x)<0 ifz <0, 
the only inflection point of f is (0,0). 
(c) [4 marks] Sketch the graph of f, labeling all critical points, inflection points, and intercepts. 


Solution: 


6. [avg: 6.26/10] An inverted conical water tank with a height of 5 m and a radius (at the top) of 2 m 
is drained through a hole in the vertex (at the bottom) at a rate of 1 m?/min. At what rate is the 
depth of the water changing when the depth of the water in the tank is 1 m ? Note: the volume of 

nr?h 

3 


a cone is given by V = 


Solution: consider the side view of the tank below (not to scale). Let the depth of the water at time 
t be h; let the radius of the water surface at time t be r. By similar triangles, 


Thus as a function of h, the volume of the water in the tank at 
time t is given by 
(r, h) B nr?h B Anh? 
eae me al 


Now differentiate implicitly with respect to t : 


y -WV _4rk dh 
dt 25 dt 
So when h = 1, 
dh __% 
dt 4r 


25 
That is, when the depth of the water in the tank is 1 m, the depth is decreasing at a rate of m ™ /min. 
T 


7. [avg: 5.17/10] 
7.(a) [4 marks] By making use of the Intermediate Value Theorem, find two intervals of the form [n,n+ 1], 


where n is an integer, each of which contains a solution to the equation e” — 3 — x = 0. 


Solution: let f(x) = e” — 3 — x, which is continuous for all x. Using your calculator you can find 
that 
f(0) <0, f(1) <0, but f(2) > 0. 


By the Intermediate Value Theorem there is a number c in the interval [1,2] such that f(c) = 0. 


Similarly, 
f(-1) <0, f(—2) < 0, but f(—3) > 0. 


By the Intermediate Value Theorem there is a number d in the interval [—3, , —2] such that f(d) = 0. 


7.(b) [6 marks] Use Newton’s method to approximate each of the solutions to the equation e” — 3 — x = 0 
correct to 3 decimal places. 


Solution: Newton’s recursive formula is 


x er —3-2 Ener" — et” —3 
Ln+1 = In ae = Tn r , for n > 0. 
n 


evr — 1 etn — 1 
To find the solution in [1,2] start with (say) xo = 1.5. Then 
zı = 1.505259..., z2 = 1.505241... 


So correct to 3 decimal place the solution is 1.505 


To find the solution in [—3, —2] start with (say) x) = —2.5. Then 
zı = —2.95528..., v2 = —2.947532..., £3 = —2.947530... 


so correct to 3 decimal place the solution is —2.947 or —2.948, accept either one, since we aren’t 
going to quibble about rounding up or down if the next digit is 5. 


8. [avg: 3.65/10] Two vertical poles of height m and n, respectively, are separated by a horizontal distance 
d. A rope is stretched from the top of one pole to a point on the level ground between the two poles, 
and then up to the top of the other pole. To which point on the ground should the rope be attached 
to minimize the total length of the rope? (For ease of marking: let x be the distance of the point 
from the base of the pole with height m.) 


Solution 1: let the rope be tied to a point on the ground x units from the base of the pole with 
height m. See the diagram below. Let L(x) be the total length of the rope. Then 


L(x) = Lı + Le = V2? +m? + y(d- x)? +n?. 
7 The problem is to minimize the value of L(x) on the interval [0, d]. 
aM 1 The routine way to solve this problem is to find the critical point 
Lo n 
of L, for which you need 
d—2x 
L'(x) = 7 ; 
a\ /B (7) Vr? +m? (d-r)? +n? 
x d—x 
Find the Critical Point: 
x d-—2 
L' x)=0 > = 
(2) r? +m? (d — x)? +n? 

a a —— (d-r? 

r? +m? (d-r)? +n? 
=> g*((d—2)? +n’) = (1? +m?) (d-r) 
=> r’(d- r) + rn? = 2? (d— r) +m’(d- x)? 
=> nr =m’ (d-r) 
=> nr= m(d-— x)= md -— mz 
=> 2«(n+m)=md 

md nd 
S , and consequently, d — £x = 
n+m m+n 


Confirm L Has Its Minimum Value at the Critical Point: calculating the second derivative 
of L(x) is too much work; even using the first derivative test is too much work. Instead, compare the 
value of L(x) at the critical point with L(0) = m + Vd? + n? and L(d) = Vm? + d? +n. Note that 
for the angles a, 8 as labeled in the diagram, at the critical point 

m+n n m+n 


7 and tan§ = 7 = o 


m 
tana = — = 
x 


So at the critical point, a = 6 and 


d2 2 
L=11,+Ll2=mesca+nesca = (m+n) csca = (m +n) PRE = yd + (m+n). 


m+n 
Then 
L< L(0) & d + (m+n)? < m? +2my n? + +n? +P n< Vn24+a, 
which is true. Similarly, L < L(d). Aside: is there an easier way? 


Solution 2: the easier way. Flip over one of the poles and then consider the question of the minimum 
distance from the bottom of one to the top of the other. See the diagram below. 


Introducing coordinates, the problem now becomes, mini- 
mize the length of the path from the point (0,—m) to the 
point (d,n), via the point (z,0). But the path with the 
minimum length is a straight line. So we must choose x 
such that the slope of the segment Lı is the same as the 
slope of the segment Lə. That is, 

0-—(—m) n-0 m n 


xz —0 d—«2x z d-r 


Solving this equation for x gives 


md 


m+n’ 


as before. Aside: from the diagram it is also now obvious 
why the minimum length of L = Li + L2 is 


L=/d+(m+n)?. 


10 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 
you have indicated in a previous question to look at this page. 
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This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 
you have indicated in a previous question to look at this page. 


12 The end. 


MAT186H1F - Calculus I - Fall 2018 
Solutions to Term Test 2 - November 20, 2018 


Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


General Comments: 


e The range on every question was 0 to 10; only Question 4 had a failing average. There were no 
perfect papers, but three students received 79/80. 


e In Question 5 a common misconception was that“f”(x) = 0 = f has an inflection point at x.” This 
is false: consider f(x) = zt. f”(0) = 0, but the graph of y = zt has no inflection points. 


e Many students made Question 6 far more complicated than it really is. 
e Question 7(b) was part of a tutorial question. Still, some students didn’t know how to approach it. 


e Only 23 students got more than 6 on Question 4; only one had 10/10. 


Breakdown of Results: 757 registered students wrote this test. The marks ranged from 8.75% to 
98.75%, and the average was 64.1%. Some statistics on grade distribution are in the table on the left, and 
a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 6.3% 


22.2% 80-89% 15.9% 
20.2% 70-79% 20.2% 
20.5% 60-69% 20.5% 
16.4% 50-59% 16.4% 
20.6% 40-49% 10.4% 
30-39% 5.5% 

20-29% 2.8% 

10-19% 1.8% 

0-9% 0.1% 

g 
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1. [avg: 7.96/10] Find the following limits: 


.  sin(5x) 
(a) [4 marks] lim tan` (2x) 


Solution: the limit is in the 0/0 form. Use L’Hopital’s Rule. 


sin(52) . 5cos(5x) 5 
im —> y7 = li =- 
z>0 tan™t (2r) z>0 2 2 
1 + 4z? 
1 1 
E e 
(b) [6 maris] Jig, (2 — Fa) 


Solution: the limit is in the œo — oo form. Get a common denominator to put it into the 0/0 
form, and then use L’Hopital’s Rule. 


1 1 In(1 — 
lim { — - ————— ] = lim catia) in 0/0 form 
a70t \x In(l+2) 20+ xln(1+ 7) 
1 
(apply VH) = lim y> still in 0/0 form 
20+ In(1 Abs x) $ 
ieg 
1 
= lim ae 
«2-0 
In(1 1- 
n(1+a)+ EF 
—1 
f aa ht (1+ 2)? 
(apply LH) = da= i 


(substitute x = 0) = — 


2. [avg: 7.99/10] Find the following derivatives: 


x3 
(a) [4 marks] F’(—2) if F(x) = 1 V413 +9 dt 
2 
Solution: use the Fundamental Theorem, and the chain rule. 


F' (x) = 4/ (x3)4/3 + 9 (3x?) = 3z? V x4 + 9. 
So 
F'(—2) = (3(—2)*) /(—2)4 + 9 = 12V16 +9 = 12 x 5 = 60. 


2 
(b) [6 marks] both w and i at the point (x,y) = (1,0) if e” = x? — ay. 


Solution: differentiate implicitly: 


dy dy 
y => 
a 20 — y Taz (x). 
So at (x,y) = (1,0) we get 
dy dy __ dy 
dz : dx dz 


Now differentiate (x) implicitly again: 


dy\? dy dy dy dy 
Yas y =? A 
(2) Teia dx dg dx? 


d 
At (x,y) = (1,0), we know T = 1, so we have 
£ 


dy dy dy 1 
Z = 
UUS re Daik d de F 


3. [avg: 6.99/10] Compute the following integrals: 
2 2 
(a) [4 marks] f re) dx 
0 


Solution: let u = x’, so du = 2x dx. Then 


2 4 4 
1 1 —1 
[ai=], tms ehe y 


2 
(b) [6 marks] 1 x? e dex. 
0 


Solution: integrate by parts twice. Start with u = 27, dv = e” dx. Then du = 2z dz and 


v = e”. So 
2 
f xe dx 
0 


| 
8 
N 
o 
res 
l 
oS, 
bo 
ATIN 
o 
8 
xN 
Fas 
© 
8 
ial 
a 
8 


2 
= sèa f xe” dx 
0 


2 
(use parts again with s = x, dt = e” dx) 4e? — 2[xe™]2 + 2 | e dx 
0 
= 4e — 4e? + 2[e*]? 


= 2(e?-1) 


4. [avg: 3.57/10] 
4.(a) Suppose that f”(x) = 0 for all z € R. 


(i) [2 marks] Find the general form of f(x). 


Solution: f'(x)= C; f(x) = foa = Cz + D, for constants C and D. 


b 
(ii) [4 marks] Show that the average value of f on the interval [a,b] is equal to f (= ), 


b C 
Solution: on the one hand, f (* 5 ) = z + b) + D; on the other hand, the average value 


of f is the same: 


i- f? 1 f 
= —— D = 
=f f(a) dx az f Cr+ ) dx T 


b— 2 2 
Daga 
= (SS + De «) 
= (ota) +D 


4.(b) [4 marks] Suppose that g has a continuous second derivative and that for any interval [a,b] the 
b 
average value of g on [a,b] is equal to g () Prove that g” (x) = 0 for all x € R. (Don’t waste 


time on this question; its short but tricky. Save it for after you’ve finished the rest of the test.) 


Solution: consider the interval [—a, x]. It is given that 


f oa- (7) o f o(t)at= (e+ a)9(**). 


Differentiate with respect to x: 


Let x = a to obtain iea 
gla) = g(0) + (20) 2) = g0) + ag/(0). 


Since this is true for all a, g is a linear function, and so its second derivative is zero. 


Alternate Solutions: see page 10 


5. [avg: 6.76/10] Let f(x) = xe~*/?. 


(a) [3 marks] Find all the critical points of f and at each critical point determine if f has a maximum 
or minimum value at the point. 


Solution: 


1 — -2/2 _ © —z/2 _ „—z/2 a 
ie) =e 2° i (1 3) 


The only critical point is z = 2. Since 
f(z) >08& z< 2 and f ) <0 2 > 2, 


f has an (absolute) maximum at (x, y) = (2, 2/e). 
(b) [3 marks] Find all the inflection points of f, if any. 


Solution: 


1 — t -aja 1 —æ/2 , © —e/2 _ „—z/2 (% _ 
f j= 5e zE + 7e =e e ij: 


Since 
f") >08 z> 4and f"(z)<0e2<4 


f has exactly one inflection point, at (x, y) = (4, 4/e?). 

(c) [4 marks] Sketch the graph of f, labeling all critical points, inflection points, and asymptotes, if 
any. 
Solution: there is a horizontal asymptote at y = 0 since 


L'H 
= 0. 


= ım 
£r— o0 £r— o0 ez/2 =~ 00 et/2 


The graph is 


To get full marks you must label the max- 
imum point, the inflection point, and the 
horizontal asymptote; your graph must go 
through the point (0,0); and it must be 
increasing/decreasing on the correct inter- 
vals, and concave up/down on the proper 
intervals. 


6. [avg: 5.11/10] A police helicopter is flying at 200 kilometers per hour at a constant altitude of 1 km 
above a straight road. The pilot uses radar to determine that an oncoming car is at a distance of 
exactly 2 kilometers from the helicopter, and that this distance is decreasing at 250 kph. Find the 
speed of the car. 


Solution: let x be the distance (in km) between the car, C, on the road and the point directly below 
the helicopter, H. Let s be the distance (in km) between the helicopter and the car. (See diagram.) 


H 
We have 
s 
dx ds 
2 2 
l= or — = Is— 
1 uo + ss => E Ji 
c a 
7 dt x dt 


d 
At the instant when s = 2 and a = —250 we have x = Vs? — 1 = V3. So at this moment, 


d. 2 500 
2 250) = -2, 
V3 
where the negative sign indicates the distance between the car and the point on the road directly 
below the helicopter is decreasing. 


But the point beneath the helicopter is moving towards the car at a speed of 200 km/hr, so the speed 
of the car at the moment in question is 


—= — 200 


V3 


kilometres per hour. (For interest, this is approximately 88.7 km/hr.) 


7. [avg: 6.96/10] 


7.(a) [4 marks] Use a linear approximation to approximate In(1.03). 


Solution: take a = 1. Then the tangent line approximation to lnx at x = a is: 


1 
Ine ælini +l (1)(z-1)=0+7(z-1)=z-1, 


SO 


ln 1.03 ~ 0.03. 


7.(b) [6 marks] Use Newton’s method to approximate the positive solution to the equation x = 4 cos gx 
correct to 5 decimal places. (Note: your calculator must be in radian mode!) 


Solution: the graphs of y = x and y = 4cos x are given below. Let f(x) = x — 4cos g. Then 


Then use your calculator to find 


f(z) =1+4sine 


and Newton’s recursive formula is 


_ f(&n) 
Intl = In fi(@n) 
_ Ln — 4C08 En 
TA 1 + 4sin £n 
— Atp SiN Zn + 4 COS Tn 
1 + 4sin £n 


for n > 0. Your first choice, zo, should be 
something in the interval [1,2] to (hopefully) 
approximate the positive root to f(x) = 0. 
Take xp = 1.5. 


zı = 1.256100985... 
z2 = 1.252355051... 
z3 = 1.252353234... 
z4 = 1.252353234... 


So correct to 5 decimal places, the positive solution to x = 4 cos x is 1.25235 


Note: instead of using a graphical approach you could observe that f(1) = 1 — 4cos 1 ~ —1.16 < 0 
and that f(2) = 2 — 4cos2 = 3.66 > 0. Thus by good old IVT, there is a solution to the equation 


f(x) =0 in the interval [1, 2]. 


8. [avg: 5.93/10] A company is designing propane tanks that are cylindrical with hemispherical ends. 
Each of the tanks is to hold 1000 cubic meters of gas. The ends are more expensive to make, costing 
$8 per square meter, while the cylindrical barrel between the ends costs only $3 per square meter 
to make. Determine the dimensions of the tank that minimize the cost to make it. What is the 


minimum cost? (The volume of a sphere is V = 3m and its surface area is S = 47r?.) 


Solution: let r be the radius (in m) of the hemispherical ends; let 
h be the height (in m) of the cylindrical barrel. Then the volume 
of the tank is 


4 
V =rr°h+ zT”. 
Since V = 1000 we can solve for h in terms ofr: 


1000 frr’ 1000 4r h 


h ‘ 
rr ar 3 


Let C be the cost of making the tank. We have 


C = 3(2mrh) + 8(4rr’), G7 


since surface area of the cylindrical barrel is 2rrh and the surface 
area of a sphere is 4rr?. Substituting for h in terms of r we get 


1000 4 6000 
C = rr | —- — kil +32mr? = —— + 24nr?. 
ar 3 r 


The problem is to minimize C for r > 0. The first and second derivatives of C are 


dC 6000 dC - 12000 
—— = pee + A8rr and —_z_ = 


dr dr? r3 KRR 


Since the second derivative is always positive, the critical point of C will give a minimum value of C. 


3 
z TT 8 125 Ts 1/3" 


Then 
= 10007? 20 100 


257 3ni 3713’ 


h 


and the minimum cost of construction is 


C = 1000 71/3 + 800 r!/3 = 1800 2/8. 


(Aside: C ~ $2, 636.26) 


Alternate Solutions: 


A(b): similar to first solution, just a different interval. Consider the interval |a, x]. It is given that 


+. [ swa=o(=*) [oot (ea) 9 (*), 


Differentiate with respect to x: 


Let x = —a to obtain 
g' (0) / 
g(—a) = g(0) + (—2a)—— = g(0) — a g (0). 
Since this is true for all b = —a, g is a linear function, namely g(b) = g(0) + bg' (0), and so its second 


derivative is zero. 


A(b): this is a more intuitive solution. Use concavity. Suppose there is a z such that g’(z) > 0. By 
continuity, there is an interval [a,b] containing z such that g(x) > 0 for all x € [a,b]. Consider the 
tangent line to g at the point x = (a+ b)/2: 


L(x) = g((a + b)/2) + g'((a + b)/2)(x — (a + b)/2). 
Since L is linear, L’(x) = 0 and 4.(a) implies that 


1 b 
g((a+0)/2) = L((a+8)/2)= 5 f nage w 


But, since g is concave up on the interval [a,b], the graph of 
g is above the graph of L, so 


b b y = g(x) 
f L(x) dz < 1 g(x) dx. (2) 
By hypothesis, y = L(x) 


x) dx = g((a + b)/2). (3) 


Comparing (1), (2) and (3) we conclude that . 
g((a + b)/2) < g((a + b)/2), 


which is a contradiction, since no number can be less than itself. Similarly, if g”(z) < 0, for some 
value of z, you can also derive a contradiction. So the only possibility left is that g”(z) = 0, for all z. 


10 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 
you have indicated in a previous question to look at this page. 
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This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 
you have indicated in a previous question to look at this page. 


12 The end. 


MAT186H1F - Calculus I - Fall 2019 
Solutions to Term Test 2 - November 26, 2019 


Time allotted: 110 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


Comments: 


e The average on this test was almost identical to the average on the (adjusted) first term test. That 
means that for anybody who has been excused from either term test during the course, we will simply 
double the test you did write when calculating your term mark. 


e The only question with a failing average was Question 8. Why this should be is hard to fathom—the 
question is a basic optimization problem, albeit with a slight twist: given the maximum area of the 
rectangle you have to find the radius. More routine would be to maximize the area of the rectangle 
given the radius .... 


e In the attached solutions there are alternate solutions given for some questions. Note that in some 
cases, e.g. Question 7, the alternate solution is actually much shorter. 


Breakdown of Results: 841 registered students wrote this test. The marks ranged from 17.5% to 100%, 
and the average was 52.9/80 or 66.1%. Some statistics on grade distribution are in the table on the left, 
and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 


90-100% 6.5% 
21.4% | 80-89% 14.9% 
22.7% | 70-79% 22.7% 
21.4% | 60-69% 21.4% 
19.3% | 50-59% 19.3% 
15.2% | 40-49% 10.3% 
30-39% 3.3% 
20-29% 1.2% 
10-19% 0.4% | 
0-9% 0.0% a 
— c 


H a WS 


1. [avg: 7.6/10] Find the following: 


__ tan-}(z) 
(a) [3 marks] lim WE 


Solution: this limit is in the 0/0 form so you can apply L’Hôpital’s Rule directly: 


tan”! (2) ae 1 1 


320 tan(2r) 290 2 sec? (2x) = 2sec2(0) 2 


(b) [4 marks] lim (cos a 
x0 


Solution: this limit is in the 1% form, so take the logarithm of the limit, and then rearrange 
it so that you can apply L’Hopital’s Rule. 


1/a? 


L= lim (cos x) = In = lim ln ((cos ne?) 
Bild T=} 
— j ln cos x 
B 230 r? 
— tanx 
L’Hôpital’ l = M 
(L’Hôpital’s Rule ) lim —, 
2 
— secl x 1 
L’Hopital’ l =n —= 
(L’H6pital’s Rule ) lim —; 5 
>L = e"? or — 
e 


(c) [3 marks] (f~1)(e), if f(x) = xe? for x > 0. 
Solution: differentiate implicitly. If y = xe”, then for the inverse z = ye”. So 
dx d(ye¥) dy dy dy 1 


1= — — y y S&S = A 
dx dx da ue dx dx  e¥+ yey 


and 
dy E 1 1 
dx Hce eY + yey ai ~ Qe 
OR: use ; 
-ly p x 
(M0 = FG © 
We have 
f'(z) =1e" + ce* and f(1) = e & 1 = f7} (e); 
thus í i 
-1yly7 4) = 
(F) (e) = FO = ge 


Aside: the derivation of (x) starts with (f o f~')(x) = a. Then by the chain rule, 
1 = (f o fY (e) = FT e) (FY). 


2. [20 marks; 15.5/20] This question covers two pages and has eight parts. Let f(x) = (x? + Qx7)1/3 — T, 


for which you may assume 


f(z) 


x +6 


~ g3 (x +9 


(a) [1 marks] Simplify f’(—8) and show that it is 0. 


—18 


1" = 
2/3 1, f (x)= x473 (x + 95/3 


. —8 +6 (—2) 
lution: f’ = 1=0 
Solution: 18) = Caro ~*~ CAO 
(b) [3 marks] Given that x = —8 is the only value of x for which f'(x) = 0 determine how many 
critical points f has. What are they? 
Solution: f'(x) is undefined when x = 0 or z = —9. So there are three critical points, at 


x = —9, —8,0. The actual points are 


(—9,9), (—8,12), (0,0). 


(c) [4 marks] What is the sign of f'(x) on the given intervals? Circle your choice. 


| on the interval (—o00, 


—9) 


(—9, —8) 


(—8, 0) 


(0, 00) 


f'(x) is positive 


negative 


positive 


negative 


positive 


negative 


positive 


negative 


(d) [3 marks] What is the sign of f”(x) on the given intervals? Circle your choice. 


on the interval 


(—00, —9) 


(9 0) 


(0, œ0) 


f" (x) is 


positive 


negative | positive 


negative| | positive 


negative 


For this question 


= [3 _ Vo) r+6 moa — 88 
f(x) = (z? + 97°)! 2 T, f (x) = 71/3 (x + 9)273 1, f (x) = 74/3 (x + 9)5/3° 


(e) [2 marks] How many inflection points does f have? What are they? 
Solution: only one, at (—9,9). 


(£) [4 marks] Find Jim f(x). Hint: f(x) = «(1+ 9/2) — z. 


Solution: f(x) =z (a + 9/x)! — 1) , which is in the oo - 0 form as x —> oo. Thus 


lim f(x) = Jim z (1+ 9/2)" —1) 


xL->0O 
ae Me ((1+9/z)*/$ — 1) 
maren le 
1 2 
WH) = tim SE) 
@—00 —1/x? 


lim ——? __ 
200 (1 + 9/x)2/3 
3 


(g) [2 marks] Given that lim f(a) isthe same as lim f(x), what are the maximum and minimum 
£r—— o0 woo 


values of f? 
Solution: f(0) = 0 is the absolute minimum of f; f(—8) = 12 is the absolute maximum of f. 


(h) [1 mark] Which of the following is the graph of f? The centre of each picture is the origin. 


3. [avg: 5.8/10] Suppose that y is a differentiable function of x defined implicitly by the equation 
1 f7” 
(1423) — 2 = 5 i, V14 3t? dt. (x) 
x 


(a) [3 marks] Find all values of x that satisfy the equation (*) if y = 1. 


Solution: let y = 1, then 


1+? =9=— sf V1+4 3t? dt =0 


v= ie 


(b) [7 marks] Find the value(s) of w 


Solution: differentiate implicitly. Use the Fundamental Theorem of Calculus to differentiate 
the integral on the right side of the equation: 


ify=1. 


dy 1 dy 1 
3z yl + (1+ x°)2y a 1 +3(xy) (v ott) 5 3x 
, dy 
Now substitute x = 1, y = 1 and solve for dr 
dy 1 dy 1 
4— = 4(14 4 
on dx va ( w) 7v 
dy dy dy 
Ae ee 
Sa o da 
dy 
3— = -3 
a dx 
dy 
a soy 
we dx 


Aside: theoretically it is possible to integrate V1 + 3t? with respect to t, but it’s not easy, and 
the answer is quite messy: 


REELE wE, BOG) 40. 
2 


Then you would have to substitute the limits of integration, t = x and t = z y, only to have to 


differentiate the whole mess! So ...using the Fundamental Theorem of Calculus is really the 
only way to go. 


4. [avg: 6.0/10] 
4.(a) [5 marks] Let f(x) = x?\/1 — x3. Find the average value of f on the interval [—2, 1]. 


Solution: the average value of f on the interval [—2, 1] is 


f = ty | 8 Pae 
CoS (PSD) ep 


Let u = 1 — 2°. Then du = —32? dz and 


4.(b) [5 marks] Find [suv dx. 


Solution: this was a tutorial/suggested homework exercise. First let t = \/x so that dt = 
Then 


[sua dx = f sintra) = f» sin t dt. 


Now use integration by parts; let u = 2t, dv = sin t dt. Then du = 2 dt and v = — cost, so: 


[ivaa fa sintdt = uv- fvdu 


—2t cost + | 2costat 


= —2t cost + 2sint+ C 
(in terms of x) = —2vyz cos yz + 2sin vx + C 


dx 


NTA 


5. 


[avg: 6.1/10] When a spherical snowball of initial radius 4 cm starts melting in the sun, the rate at 
which the radius of the snowball changes is given by 


dr 16 


dt  (t+1) 


with the radius r measured in cm and the time t measured in hours. 


(a) [5 marks] What is the radius of the snowball t hours after it starts melting? How long will it 
take to melt? 


Solution: integrating to find r, (and using substitution u = 1 + t, if necessary) you get 


16 16 
vies [ets Let. s 


To find C use the initial condition, r = 4 when t = 0 : 4 = 16 + C SC = —12. Thus 


r= — -1 
1+t 
The snowball has melted when r = 0: 
wes EE EE ET j= 
= l+t 12 “3 73. 


That is, it will take one-third of an hour, or 20 minutes, for the snowball to melt. 


(b) [5 marks] At what rate is the volume of the snowball decreasing when the radius of the snowball 


4 
is 1 cm? (The volume of a sphere is given by V = 37) 


16 
Solution: from part (a), r = ia = 12. When r = 1 we have 
16 16 3 
1=—_-Wel+t=— T 
1+t 13 13 
—=_— 
not needed 
Differentiating, 
dV ina dr 
S nr —. 
dt dt 


16 
So when r = 1 and 1 +t = 13 the volume of the snowball is decreasing at the rate 


dV 16 1697 
dt = 4201)? ( ae) =A 


cubic centimetres per hour. 


6. [avg: 8.4/10] 


1 
6.(a) [4 marks] Use the method of linear approximation to find an approximate value for : 
(a) [ Pp PP /0.97 


(An answer with no supporting calculations will not receive any marks.) 
1 1 
Solution: let f(x) = x~'/?, let a= 1. Then f'(x) = = and f(a) =1; f(e)= = Thus 
1 1 
f(0.97) ~ f(a) + f'(a)(0.97 —a)=1-— 5 (0.97 —1)=1- 5 (—0.3) = 1.015. 
l eee 1 
So a linear approximation of ——— is 1.015. 


V0.97 


Alternate Solution: recall, as seen in WeBWork Problem Set 5, that (1 + £) ~ 1+ kg. You can 
use this as follows. Take k = —1/2 and x = —0.03. Thus 


1 =i 
—— = (1-0.03) 12 w1 —— } (—0.03) = 1.015. 
Zz = (1-003) + ( : ) (—0.03) 


6.(b) [6 marks] Use Newton’s method to approximate, correct to 5 decimal places, the largest solution to 
the equation e” = 6x. 


Solution: the graphs of y = e” and y = 6x are 
shown to the right. You can see that there are two 
solutions to the equation e” = 6x, one near 0 and 
one near 3. OR, if you let 


f(x) = e — 6x 
you can use your calculator to find 
f(0) > 0, f(1) < 0, f(2) < 0, f(3) > 0. 


Thus there are solutions to the equation in the 
intervals (0,1) and (2,3). Either way, use Newton’s 
recursive formula 


f (zn) 


See ea) 
n 


, forn> 0. 


with f(x) = e” — 6x and f'(x) = e” — 6. Everything depends on zo. Pick xo = 3. Then 
zı = 2.851937705..., £2 = 2.833416292..., x3 = 2.833147947..., v4 = 2.833147892... 
So correct to five decimal places the largest solution to the equation e” = 6z is 


x x 2.83315. 


Aside: if your first choice is x9 = 0, say, then you will approximate the other solution, namely 


x & 0.20448. 


7. [avg: 3.5/10] Design a semicircle, by picking its radius 
r, so that the largest rectangle that can fit inside it 
has area 18. One side of the rectangle will lie along the y 
diameter of the semicircle. See figure to the right. Make 
sure you fully justify that the maximum area achieved 
for your choice is 18, using relevant course concepts. x 


Solution: let the base of the rectangle have width 2x, let the height of the rectangle be y. (See the 
figure.) Then the area of the rectangle is A = 2xy. By the (good old) Pythagorean theorem, 


e+yarsy=Vre—-2?. 


We now need to find the value of r such that the maximum value of A = 2x%V/r2 — x? on the interval 
(0,r) is 18. Find the critical point of A: 


aa 24/ r2 — x2 + 2x (os ) 


dx. 2V r? — x? 
2 2 
= 2yr? -— r? as 
(aaa 
= 2r? — Ax? 
7 PA 
dA 
So —=05>2 = 2 the only solution in (0, r) 


dx V2 


You must confirm that this critical point gives a maximum value of A. The easiest way is with the 
first derivative test: 
dA 2 
— >062r?- 47? >S < Te lg eT eee as 
dx 2 V2 V2 
dA 2 
T <0 Sr? dr< 0r >L Harl orr. 
dx 2 V2 V2 
So on the interval (0, r), A is increasing on (0, r/v2) and decreasing on (r/v2, r). Thus the maximum 
value of A occurs at x = — and the maximum value of A is 


v2 


Finally, the area of the largest rectangle is to be 18, so take 
r = v18 = 3V2. 


Aside: you could use the second derivative test to confirm the critical point of A produces a maxi- 
mum, but then you would have to calculate the second derivative, which is quite messy. See page 10 
for this calculation. 


Additional Calculations : 


dA _ 2r? — 4r? 
dz  yr?= r? 
aA (—8x) Vr? — x? — (2r? — 4x?) (—2/Vr? — x?) 


For Question 7, so 


dx? r2 — r? 
ae: | 8x) (r? — z?) — (2r? — 4r?) (— zx) 
E (r2 — a2)3/2 
O —8xr? + 8r? + Qer? — 4r? 
E (r2 — a2)3/2 
_ 4z? — 6ar? 
a (r2 = g2)3/2 
2a (2x? — 3r?) 
E (r2 — g2)3/2 ’ 


2 
: : : r 5 
which is negative when x? = z Since then 


Qn? — 3r? = r? — 3r? = —2r? < 0. 
r 


v2 


Or if you completely simplified the second derivative of A at z = you would get 


PA 


dx? 


Either way, by the second derivative test, A has a maximum value at the critical point. 


=-8 <0. 


Also in Question 7, it is easier if you square A: 
A? = 4r? (r? — £?) = 4a? 7? — 4at. 
Then you could differentiate implicitly to find the critical point: 


dA 
2AT; = 8r?°z — 162° = 8r (r? — 227) = 0 > x = 
x 


st 


since x > 0. 


Alternate Solutions: 


For Question 7: let 0 be the angle the radius makes with the z-axis. Then 
A = (2r cos6)(r sin 0) = r° sin(20). 
Then it’s obvious that the maximum value of A is at 6 = 7/4, and the maximum value is simply r?. Finally, 


r? = 18 r = 3V2. 


10 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 
you have indicated in a previous question to look at this page. 
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This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 
you have indicated in a previous question to look at this page. 


12 The end. 


